n-representation-finite algebras and twisted fractionally Calabi-Yau
  algebras by Herschend, Martin & Iyama, Osamu
ar
X
iv
:0
90
8.
35
10
v2
  [
ma
th.
RT
]  
2 M
ar 
20
10
n-REPRESENTATION-FINITE ALGEBRAS AND TWISTED FRACTIONALLY
CALABI-YAU ALGEBRAS
MARTIN HERSCHEND AND OSAMU IYAMA
Abstract. In this paper, we study n-representation-finite algebras from the viewpoint of the fractionally
Calabi-Yau property. We shall show that all n-representation-finite algebras are twisted fractionally
Calabi-Yau. We also show that for any ℓ > 0, twisted
n(ℓ−1)
ℓ
-Calabi-Yau algebras of global dimension
at most n are n-representation-finite. As an application, we give a construction of n-representation-finite
algebras using the tensor product.
The Calabi-Yau (CY) property of triangulated categories was introduced by Kontsevich [Ko] (see
also [Ke1]). It has played important roles in the representation theory of algebras, especially in the
categorification program of Fomin-Zelevinsky cluster algebras by cluster tilting theory (e.g. [Am, BIRS,
BMRRT, GLS1, GLS2, IR, Ke2, Ke3, KR]). The derived categories of finite dimensional non-semisimple
algebras are never CY, but they are often fractionally CY. Some recent meetings [Ba, Bi, P, T] as well
as recent results including [D, DL, IIKNS, IKM, KST, Ke2, Ladk, Le, Mi, MY, Y] suggest that the
fractionally CY property becomes more and more important in representation theory, singularity theory,
commutative and non-commutative algebraic geometry. The aim of this short paper is to apply the
fractionally CY property in the study of n-representation-finite algebras defined below.
There is a natural generalization of the classical notion of representation-finiteness from the viewpoint
of a higher analogue of Auslander-Reiten theory [Au, I1, I3] studied by several authors [EH, GLS1, IO1,
IO2, Lada, HZ1, HZ2, HZ3].
Definition 0.1. We say that a finite dimensional algebra Λ over a field K is n-representation-finite (for
a positive integer n) if gl. dimΛ ≤ n and there exists an n-cluster tilting Λ-module M , i.e.
addM = {X ∈ modΛ | ExtiΛ(M,X) = 0 for any 0 < i < n},
= {X ∈ modΛ | ExtiΛ(X,M) = 0 for any 0 < i < n}.
Clearly 1-cluster tilting Λ-modules are additive generators of modΛ, and so Λ is 1-representation-finite
if and only if it is representation-finite and hereditary. The following result [I4, 1.3(b)] plays an important
role in this paper.
Proposition 0.2. Let Λ be an n-representation-finite algebra. Let
τn := Tor
Λ
n(DΛ,−) ≃ DExt
n
Λ(−,Λ) : modΛ→ modΛ,
τ−n := DTor
Λ
n(D−, DΛ) ≃ Ext
n
Λ(DΛ,−) : modΛ→ modΛ.
Let P1, . . . , Pa be the isoclasses of indecomposable projective Λ-modules, and let Ii be the indecomposable
injective Λ-module corresponding to Pi.
(a) There exists a permutation σ ∈ Sa and positive integers ℓ1, . . . , ℓa such that τ
ℓi−1
n Ii ≃ Pσ(i) for
any i.
(b) There exists a unique basic n-cluster tilting Λ-module M , which is given as the direct sum of the
following mutually non-isomorphic indecomposable Λ-modules.
I1, τnI1, τ
2
nI1, · · · τ
ℓ1−2
n I1, τ
ℓ1−1
n I1 ≃ Pσ(1)
I2, τnI2, τ
2
nI2, · · · τ
ℓ2−2
n I2, τ
ℓ2−1
n I2 ≃ Pσ(2)
· · · · · · · · · · · · · · · · · ·
Ia, τnIa, τ
2
nIa, · · · τ
ℓa−2
n Ia, τ
ℓa−1
n Ia ≃ Pσ(a)
1
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(c) We have mutually quasi-inverse equivalences τn : add(M/Λ) ≃ add(M/DΛ) and τ
−
n : add(M/DΛ) ≃
add(M/Λ).
Throughout this paper, letK be a field and Λ a finite dimensionalK-algebra of finite global dimension.
All modules are finitely generated left modules unless stated otherwise. The composition fg of morphisms
(or arrows) means that f is first and g is next. We denote by D = Db(modΛ) the bounded derived
category of the category modΛ of all Λ-modules. Then the Nakayama functor
ν = νΛ := (DΛ)
L
⊗Λ− ≃ D ◦RHomΛ(−,Λ) : D → D
gives a Serre functor, i.e. there exists a functorial isomorphism
HomD(X,Y ) ≃ DHomD(Y, ν X)
for any X,Y ∈ D [H, BK]. For each K-algebra endomorphism φ of Λ, we define an endofunctor of D by
φ∗ := Λφ
L
⊗Λ− : D → D,
where we denote by Λφ the Λ ⊗K Λ
op-module such that the right action is given by a · b := aφ(b). For
any x ∈ Kerφ, the morphism Λ → Λ, λ 7→ λx is mapped to 0 by φ∗. Thus φ∗ is an autofunctor if and
only if φ is an automorphism.
Definition 0.3. We say that Λ is twisted fractionally CY (or twisted m
ℓ
-CY ) if there exists an isomor-
phism
νℓ ≃ [m] ◦ φ∗ (1)
of functors for some integers ℓ 6= 0 and m and a K-algebra endomorphism φ of Λ. Then φ must be an
automorphism since ν is an autofunctor. When φ = id, we say that Λ is fractionally CY (or m
ℓ
-CY ).
Notice that (twisted) m
ℓ
-CY algebras are also (twisted) mk
ℓk
-CY for any k 6= 0. The converse does not
hold in general, but the Calabi-Yau dimension is unique as a rational number.
Acknowledgement The authors would like to thank an anonymous referee for careful reading the
first draft and helpful comments. The second author was supported by JSPS Grant-in-Aid for Scientific
Research 21740010 and 60015849. The first author is grateful to JSPS for funding his stay at Nagoya
University, during which this paper was written.
1. Main results
Our first result is the following.
Theorem 1.1. Let Λ be a ring-indecomposable n-representation-finite algebra. Then:
(a) Λ is twisted fractionally CY.
(b) More precisely, let a be the number of simple Λ-modules, and let b be the number of idecomposable
summands of the basic n-cluster tilting Λ-module. Then Λ is twisted n(b−a)k
bk
-CY for some k > 0.
Our second result shows that a certain converse of the statement (a) above holds.
Definition 1.2. We say that an n-representation-finite algebra Λ is ℓ-homogeneous (or simply homoge-
neous) if ℓ := ℓ1 = · · · = ℓa holds in the notation of Proposition 0.2. In this case, we have
b
a
= ℓ for a
and b in Theorem 1.1(b).
Theorem 1.3. For a finite dimensional algebra Λ and a positive integer ℓ, the following conditions are
equivalent.
(a) Λ is ℓ-homogeneous n-representation-finite.
(b) Λ is twisted n(ℓ−1)
ℓ
-CY and gl. dimΛ ≤ n.
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A typical example is given by tubular algebras of type (2, 2, 2, 2) [R] for the case n = ℓ = 2. They are
known to be 22 -CY [LM], and also to be 2-representation-finite [IO2].
Let us apply these results to construct n-representation-finite algebras using the tensor product. The
next observation shows that fractionally CY algebras behave nicely under the tensor product, where we
denote ⊗K by ⊗. The requirement on the field K to be perfect is needed to guarantee that the tensor
product of two finite dimensional K-algebras of finite global dimension is still of finite global dimension.
Proposition 1.4. Let K be a perfect field. If Λi is
mi
ℓi
-CY (respectively, twisted mi
ℓi
-CY), then Λ1⊗· · ·⊗Λk
is m
ℓ
-CY (respectively, twisted m
ℓ
-CY) for the least common multiple ℓ of ℓ1, . . . , ℓk and m := ℓ(
m1
ℓ1
+
· · ·+ mk
ℓk
).
As an easy consequence, we have the following useful result.
Corollary 1.5. Let K be a perfect field and ℓ a positive integer. If Λi is ℓ-homogeneous ni-representation-
finite, then Λ1 ⊗ · · · ⊗ Λk is an ℓ-homogeneous (n1 + · · · + nk)-representation-finite algebra with an
(n1 + · · ·+ nk)-cluster tilting module
⊕ℓ−1
i=0 (τ
i
n1
Λ1 ⊗ · · · ⊗ τ
i
nk
Λk).
Notice that the statement is not true if we drop the assmption of ℓ-homogeneity (see Remark 1.6(a)).
The relationship between n-representation-finiteness and the factionally CY property is summarized
in the following diagram:
ℓ-homogeneous n-representation-finite ks
Thm.1.3+3

twisted n(ℓ−1)
ℓ
-CY of global dimension at most n

n-representation-finite
Thm.1.1 +3
?Rem.1.6(b)
(0
twisted fractionally CY
?Rem.1.6(b)

fractionally CY
KS
×Rem.1.6(a)
hp
Remark 1.6. (a) Let Λ := K[• → •]⊗K[• → •]. Then Λ is fractionally CY, but not n-representation-
finite for any n. Moreover Λ is derived equivalent to the path algebras of type D4, which are
1-representation-finite. In particular we have the following conclusions.
• There exist fractionally CY algebras which are not n-representation-finite for any n.
• n-representation-finiteness is not preserved under derived equivalence.
• n-representation-finiteness is not preserved under the tensor product.
(b) Although we already know that every n-representation-finite algebra is twisted fractionally CY,
we do not know the answer to the following question.
• Is every n-representation-finite algebra fractionally CY?
Also we do not know the answer to the following related question.
• Is every twisted fractionally CY algebra fractionally CY?
This is equivalent to that φ in (1) has a finite order in the outer automorphism group of Λ.
(c) Since the Serre functor is unique up to isomorphism, the fractionally CY property is invariant
under derived equivalence. However, we do not know the answer to the following question.
• Are twisted fractionally CY algebras closed under derived equvalence?
If we fix the CY dimension, then the answer is negative. For example K[• → • ← •] is twisted
1
2 -CY, but K[• → • → •] is not (see section 3.1).
We end this section by an observation on endomorphism algebras Γ := EndΛ(M) of n-cluster tilting
Λ-modules M . They are called n-Auslander algebras, and satisfies gl. dimΓ ≤ n + 1 ≤ dom. dimΓ [I2].
We have the following descrption of Γ when Λ is ℓ-homogeneous n-representation-finite.
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Proposition 1.7. If Λ in an ℓ-homogeneous n-representation-finite algebra, then the n-Auslander algebra
of Λ is described as 
Λ T · · · T⊗Λ(ℓ−2) T⊗Λ(ℓ−1)
0 Λ · · · T⊗Λ(ℓ−3) T⊗Λ(ℓ−2)
...
...
. . .
...
...
0 0 · · · Λ T
0 0 · · · 0 Λ

for the Λ ⊗ Λop-module T := ExtnΛ(DΛ,Λ).
By Corollary 1.5, the (n1+ · · ·+nk)-Auslander algebra of Λ1⊗· · ·⊗Λk is given by the ‘component-wise
tensor product’
Λ1 ⊗ · · · ⊗ Λk T1 ⊗ · · · ⊗ Tk · · · T
⊗Λ1(ℓ−2)
1 ⊗ · · · ⊗ T
⊗Λk(ℓ−2)
k T
⊗Λ1(ℓ−1)
1 ⊗ · · · ⊗ T
⊗Λk(ℓ−1)
k
0 Λ1 ⊗ · · · ⊗ Λk · · · T
⊗Λ1(ℓ−3)
1 ⊗ · · · ⊗ T
⊗Λk(ℓ−3)
k T
⊗Λ1(ℓ−2)
1 ⊗ · · · ⊗ T
⊗Λk(ℓ−2)
k
...
...
. . .
...
...
0 0 · · · Λ1 ⊗ · · · ⊗ Λk T1 ⊗ · · · ⊗ Tk
0 0 · · · 0 Λ1 ⊗ · · · ⊗ Λk

of the ni-Auslander algebras. This is interesting since in general the tensor product of higher Auslander
algebras is not a higher Auslander algebra again.
2. Homogeneity and (n+ 1)-preprojective algebras
In this section, we further study the homogeneity of n-representation-finite algebras.
The following result gives a useful criterion for n-representation-finite algebras to be homogeneous.
Proposition 2.1. Let Λ be a ring-indecomposable n-representation-finite algebra. Then Λ is homogeneous
if and only if ℓi = ℓσ(i) holds for any i.
We put
νn := ν ◦[−n] : D → D.
For an arbitrary n-representation-finite algebra Λ, we denote by
Π :=
⊕
i∈Z
HomD(Λ, ν
−i
n Λ)
the corresponding (n+ 1)-preprojective algebra. This is a positively graded K-algebra, and the multipli-
cation of f ∈ HomD(Λ, ν
−i
n Λ) and g ∈ HomD(Λ, ν
−j
n Λ) is given by
f · g := f ν−in g.
Then Π can be viewed as the tensor algebra over Λ of the bimodule ExtnΛ(DΛ,Λ) [IO1, 2.12]. Notice that
Π is the cohomology in degree zero of the DG algebra defined in [Ke3]. It is shown in [IO2] that Π is a
finite dimensional selfinjective algebra.
A Nakayama automorphism ψ of Π is an automorphism which gives an isomorphism DΠ ≃ Πψ of
Π ⊗ Πop-modules. This is uniquely determined as an element of the outer automorphism group of Π.
Moreover
ψ∗ = Πψ ⊗Π − ≃ (DΠ)⊗Π − ≃ DHomΠ(−,Π) : modΠ→ modΠ
gives the Nakayama functor.
The next result gives the relationship between ψ and σ. Notice that the isoclasses of indecomposable
projective Π-modules are give by Π⊗Λ Pi for 1 ≤ i ≤ a.
Proposition 2.2. Let ψ be a Nakayama automorphism of Π, and let σ be as in Proposition 0.2. Then
we have ψ∗(Π⊗Λ Pi) ≃ Π⊗Λ Pσ(i) for any i. In particular σ gives the Nakayama permutation of Π.
The following main result in this section characterizes homogeneity of n-representation-finite algebras
in terms of the corresponding (n+ 1)-preprojective algebras.
Theorem 2.3. Let ψ be a Nakayama automorphism of Π, and let I be the ideal of Π such that Λ = Π/I.
Then Λ is homogeneous if and only if ψ(I) = I.
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When Λ is homogeneous, we can interpret a Nakayama automorphism of Π as follows: By Theorem
1.3, there exists a K-algebra automorphism φ of Λ such that νℓ ≃ [n(ℓ− 1)] ◦ φ∗ for some ℓ ≥ 1.
Proposition 2.4. Assume that Λ is homogeneous. Then the automorphism φ of Λ extends to a graded
K-algebra automorphism φ˜ of Π which is a Nakayama automorphism.
3. Examples
3.1. Path algebras. Let us consider Dynkin diagrams:
An 1 2 3 n− 2 n− 1 n
n
Dn 1 2 3 n− 2 n− 1
4
E6 1 2 3 5 6
7
E7 1 2 3 4 5 6
8
E8 1 2 3 4 5 6 7
The Coxeter number h of each Dynkin diagram is given as follows:
An Dn E6 E7 E8
n+ 1 2(n− 1) 12 18 30
The following proposition is well-known [MY, 4.1].
Proposition 3.1. Let Q be an acyclic quiver. Then KQ is (twisted) fractionally CY if and only if Q
is a Dynkin quiver. In this case, KQ is h−2
h
-CY, and if Q is Dn with even n, E7 or E8, then KQ is
h
2−1
h
2
-CY.
We define an involution ω of each Dynkin diagram as follows:
• For An, we put ω(i) = n+ 1− i.
• For Dn with odd n, we put ω(n− 1) = n, ω(n) = n− 1 and ω(i) = i for other i.
• For E6, we put ω(1) = 6, ω(2) = 5, ω(5) = 2, ω(6) = 1 and ω(i) = i for other i.
• For other types, we put ω = id.
Proposition 3.2. Let Q be an acyclic quiver.
(a) The following conditions are equivalent.
(i) KQ is ℓ-homogeneous 1-representation-finite for some ℓ.
(ii) Q is a Dynkin quiver and the orientation is stable under ω.
(b) If the conditions in (a) are satisfied, then ℓ = h2 and KQ is twisted
h
2−1
h
2
-CY and the twist is
induced by ω. In particular, if ω = id, then KQ is
h
2−1
h
2
-CY.
(c) The underlying diagrams of ω-stable Dynkin quivers are classified by ℓ as follows.
ℓ ℓ (6= 6, 9, 15) 6 9 15
Q A2ℓ−1, Dℓ+1 A11, D7, E6 A17, D10, E7 A29, D16, E8
Proof. (a) This follows from Gabriel’s description of Auslander-Reiten quivers of KQ [G].
(b) The equality ℓ = h2 is well-known [G], and the latter assertion follows from Theorem 1.3. 
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By Corollary 1.5, for any choice of homogeneous algebras Λ1, . . . ,Λk which belong to the same column
in the table in (c) above, we have an ℓ-homogeneous k-representation-finite algebra Λ1 ⊗ · · · ⊗ Λk.
As one of the simplest examples, we have the following 2-representation-finite algebras.
• //

•

•oo

• // • •oo •

• //oo

•

• • //oo •
• // • •oo • //

OO
•

OO
•oo

OO
• • //oo • •

OO
• //oo

OO
•

OO
• //
OO
•
OO
•oo
OO
• // • •oo •
OO
• //oo
OO
•
OO
• • //oo •
3.2. n-representation-finite algebras of type A. We give a different class of examples of ℓ-homogeneous
n-representation-finite algebras based on results in [IO1]. Fix positive integers n and s. We define the
quiver Q := Q(n,s) with the set Q0 of vertices and the set Q1 of arrows by
Q0 := {x = (x1, x2, . . . , xn+1) ∈ Z
n+1
≥0 |
n+1∑
i=1
xi = s− 1},
Q1 := {x
i
→ x+ fi | 1 ≤ i ≤ n+ 1, x, x+ fi ∈ Q0}
where fi denotes the vector fi := (0, . . . , 0,
i
−1,
i+1
1 , 0, . . . , 0) for 1 ≤ i ≤ n and fn+1 := (
1
1, 0, . . . , 0,
n+1
−1).
Example 3.3. Q(1,5), Q(2,4) and Q(3,3) are the following quivers.
40
//
31
//oo 22 //oo 13 //oo 04oo 030
!!B
B 0200
##G
G
120
==||
!!B
B 021
oo
!!B
B 1100
;;ww
##G
G 0110
##G
G
		
		
		
210
==||
!!B
B 111
oo
==||
!!B
B 012
oo
!!B
B 2000
;;ww
1010
;;ww
		
		
		
0020
		
		
		
300
==||
201oo
==||
102oo
==||
003oo 0101
##G
G
ZZ555555
1001
;;ww
ZZ555555
0011
ZZ555555



0002
\\88888
We define the K-algebra Γ = Γ(n,s) := KQ/I, where I is the ideal defined by the following relations:
For any x ∈ Q0 and 1 ≤ i, j ≤ n+ 1 satisfying x+ fi, x+ fi + fj ∈ Q0,
(x
i
→ x+ fi
j
→ x+ fi + fj) =
{
(x
j
→ x+ fj
i
→ x+ fi + fj) if x+ fj ∈ Q0,
0 otherwise.
We call a subset C of Q1 a cut if it contains exactly one arrow from each cycle of length n+ 1 in Q. In
this case, we define a K-algebra by
ΛC := Γ/〈C〉,
for the ideal 〈C〉 of Γ generated by the arrows in C. A main result in [IO1] is the following. (Notice that
the assumption in [IO1] that K is algebraically closed is not necessary.)
Proposition 3.4. For any cut C of Q, the algebra ΛC is an n-representation-finite algebra with the
(n+ 1)-preprojective algebra Γ.
It is natural to ask when ΛC is homogeneous. To answer this question we introduce the automorphism
ω of Q defined by
ω(x1, x2, . . . , xn+1) := (xn+1, x1, . . . , xn).
We leave the proof of the following statement to the reader.
Theorem 3.5. The quiver morphism ω induces a Nakayama automorphism of Γ.
Proof. For each x = (x1, x2, . . . , xn+1) ∈ Z
n+1 we adopt the convention xi+n+1 = xi. Now let x ∈ Q0
and 1 ≤ i ≤ n+ 1 such that x+ fi ∈ Q0. Then ω(x+ fi) = ω(x) + fi+1 ∈ Q0 and
ω(x
i
→ x+ fi) = ω(x)
i+1
→ ω(x) + fi+1.
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Now assume x+ fi + fj ∈ Q0. Then
ω(x
i
→ x+ fi
j
→ x+ fi + fj) = ω(x)
i+1
→ ω(x) + fi+1
j+1
→ ω(x) + fi+1 + fj+1.
Since x+ fj ∈ Q0 if and only if ω(x) + fj+1 ∈ Q0 it follow that ω induces an automorphism on Γ.
The relations defining I are only commutativity and zero relations. Thus the set B of non-zero residue
classes p + I 6= I of paths p in Q forms a basis of Γ. Since Γ is finite dimensional, DΓ has basis
DB := {b¯∗|b¯ ∈ B} dual to B. We proceed to show that there is a bijection
φ : DB ≃ B
that extends to a bimodule isomorphism DΓ ≃ Γω.
Define the quiver Q̂ by
Q̂0 := {x ∈ Z
n+1 |
n+1∑
i=1
xi = s− 1},
Q̂1 := {x
i
→ x+ fi | 1 ≤ i ≤ n+ 1}.
Hence Q is the full subquiver of Q̂ with vertecies {x ∈ Q̂0 | xi ≥ 0 for all 1 ≤ i ≤ n + 1}. Let Î be the
ideal in KQ̂ defined by the relations
(x
i
→ x+ fi
j
→ x+ fi + fj) = (x
j
→ x+ fj
i
→ x+ fi + fj)
and set Γ̂ = KQ̂/Î. We have a canonical surjective ring morphism π : Γ̂→ Γ with kernel
K =
∑
z 6∈Q0
Γ̂ezΓ̂,
where ez denotes the path of length 0 at z. Since Î is defined by commutativity relations, the residue
classes of paths form a basis of Γ̂. Moreover, the residue classes of paths that are not in K are mapped
bijectively to B by π.
We define a Zn+1-grading g on Γ̂ by (g(x
i
→ x + fi))j = δij . It is well-defined since the defining
relations of Î are homogeneous. For paths p, p′ in Q̂ we write p ≡ p′ if and only if p− p′ ∈ Î. Let p be a
path from x to y of degree d. Then y − x =
∑
i difi. In fact p ≡ px,d,y, where
px,d,y = x
1
→ · · ·
1
→ x+ d1f1
2
→ · · ·
2
→ x+ d1f1 + d2f2
3
→ · · ·
n
→ y − dn+1ff+1
n+1
→ · · ·
n+1
→ y.
In particular, p+ Î is determined by d together with either x or y. Moreover, for each path p′ from x to
z, there is a path q from z to y such that p ≡ p′q if and only if g(p′)i ≤ di for all 1 ≤ i ≤ n + 1 (take
q = pz,d−g(p′),y).
Observe that p+ Î ∈ K if and only if there are paths p′ from x to z and q from z to y such that p ≡ p′q
and z 6∈ Q0. By the above observation this is equivalent to that there is a ∈ Z
n+1
≥0 such that aj ≤ dj for
each 1 ≤ j ≤ n + 1 and x +
∑
i aifi 6∈ Q0. This holds if and only if there is 1 ≤ j ≤ n + 1 such that
xj < dj (take ai = δijdj).
We conclude that for every path p in Q from x to z such that p+ I 6= I there is a path q in Q from z
to some vertex y such that g(pq) = x. In particular, pq + I 6= I and
y = x+
∑
i
xifi.
Thus
yj = xj − xj + xj−1 = xj−1 = ω(x)j .
Moreover, q + I is determined by p since g(q) = x− g(p). Similarly, for each path q in Q from z to ω(x)
such that q 6∈ I there is a path p in Q from x to z, unique up to ≡ such that g(pq) = x. We define the
bijection φ : DB ≃ B by φ((p+ I)∗) = q + I, where p is a path from x to z and q is a path from z such
that g(pq) = x. It induces a linear bijection
φ : DΓ ≃ Γω.
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We proceed to show that φ is a bimodule isomorphism, thus completing the proof.
First consider the following configuration of paths in Q.
x
a //___ y
p′ //___ z b //___ w
q //___ ω(x)
ω(a) //___ ω(y)
Then
g(p′bqω(a))− g(ap′bq) = g(ω(a))− g(a) =
∑
i
g(a)ifi = y − x.
In particular, g(ap′bq) = x if and only if g(p′bqω(a)) = y, or equivalently φ((ap′b + I)∗) = q + I if and
only if φ((p′ + I)∗) = bqω(a) + I.
Now fix paths α, β, p from x to w and q from w to ω(x) such that g(pq) = x. Set b¯ = (p + I) so
that φ(b¯∗) = q + I. We claim that there is p′ such that p ≡ αp′β if and only if βqω(α) 6∈ I. If such p′
exists then g(αp′βq) = x and by our observation g(p′βqω(α)) = y. This implies βqω(α) 6∈ I. On the
other hand, if βqω(α) 6∈ I, then there is p′ such that g(p′βqω(α)) = y and g(αp′βq) = x which implies
αp′β ≡ p.
If there is a p′ satisfying p ≡ αp′β, then by the bimodule structure on DΓ, we have βb¯∗α = (p′ + I)∗.
Otherwise βb¯∗α = 0. In either case φ(βb¯∗α) = βqω(α) + I = βφ(b¯∗)α by the above observations. 
We have the following characterization.
Theorem 3.6. Let C be an admissible set of Q. Then the n-representation-finite algebra ΛC is homoge-
neous if and only if ω(C) = C. In this case, we have ℓ = s−1
n+1 + 1.
Proof. The first assertion follows from Theorems 2.3 and 3.5. To show the second assertion we apply
Theorem 1.1(a). We know that a is equal to the number
(
s+n−1
n
)
of vertices of the quiver Q(n,s), and b
is equal to the number
(
s+n
n+1
)
of vertices of the quiver Q(n+1,s) by [I4, 6.12]. Thus ℓ = b
a
= s+n
n+1 . 
For the case n = 1, this result gives the characterization of type As quivers given in Proposition 3.2.
For the case n = 2 and s = 4, there are the following five 2-homogeneous 2-representation-finite
algebras
•
5
5 •
5
5 • •
5
5 •
•
DD		
5
5 • • •
oo
5
5 •
DD		
•oo
5
5 •
5
5 •
oo
5
5 •
DD		
5
5 •
oo
5
5
• •oo
DD		
5
5 •
oo
5
5 •
DD		
5
5 •
oo
DD		
5
5 • •
DD		
5
5 •
oo
DD		
5
5 •
5
5 •
DD		
5
5 • •
oo •
DD		
5
5 • •
oo
5
5
•
DD		
•oo
DD		
• •oo •
DD		
• •oo
DD		
•oo • •oo •oo
DD		
• •
DD		
•
DD		
•oo
DD		
•oo • •oo
DD		
•oo
DD		
•
4. Proof of our results
Recall that Λ is a finite dimensonal K-algebra of finite global dimension and D = Db(modΛ) is the
bounded derived category of modΛ.
We need the following observation.
Lemma 4.1. For a Λ⊗ Λop-module X, the following conditions are equivalent.
(a) X ≃ Λ as Λ-modules.
(b) X ≃ Λφ as Λ⊗ Λ
op-modules for some K-algebra endomorphism φ of Λ.
Proof. (b)⇒(a) This is clear.
(a)⇒(b) Fix an isomorphism f ∈ HomΛ(X,Λ). For each λ ∈ Λ, the right multiplication (·λ) ∈
EndΛ(X) gives an endomorphism f
−1 · (·λ) · f ∈ EndΛ(Λ). This is given by the right multiplication of
an element φ(λ) ∈ Λ. Then φ gives the desired K-algebra endomorphism of Λ. 
We need the following observation.
Lemma 4.2. Let X ∈ Db(modΛ⊗ Λop).
(a) The following conditions are equivalent.
(i) X ≃ Λ in Db(modΛ).
(ii) X ≃ Λφ in D
b(modΛ⊗ Λop) for some K-algebra endomorphism φ of Λ.
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(b) The following conditions are equivalent.
(i) There exists an isomorphism f : Λ→ X in Db(modΛ) which commutes with the right action
of Λ.
(ii) X ≃ Λ in Db(modΛ⊗ Λop).
Proof. (a) The condition (i) is equivalent to the following one:
• Hi(X) = 0 for any i 6= 0 and H0(X) ≃ Λ as Λ-modules.
In view of Lemma 4.1, this is equivalent to the following condition:
• Hi(X) = 0 for any i 6= 0 and H0(X) ≃ Λφ as Λ⊗Λ
op-modules for someK-algebra endomorphism
φ of Λ.
This is equivalent to the condition (ii).
(b) The condition (i) is equivalent to the following one:
• Hi(X) = 0 for any i 6= 0 and H0(X) ≃ Λ as Λ ⊗ Λop-modules.
This is equivalent to the condition (ii). 
Let us show the following characterization of (twisted) fractionally CY property.
Proposition 4.3. Let Λ be a finite dimensional K-algebra of finite global dimension.
(a) The following conditions are equivalent.
(i) Λ is twisted m
ℓ
-CY.
(ii) νℓ Λ ≃ Λ[m] in Db(modΛ).
(iii) There exists an isomorphism (DΛ)
L
⊗Λ ℓ ≃ Λ[m] in Db(modΛ).
(b) The following conditions are equivalent.
(i) Λ is m
ℓ
-CY.
(ii) νℓ ≃ [m] as functors on Db(modΛ).
(iii) There exists an isomorphism (DΛ)
L
⊗Λ ℓ ≃ Λ[m] in Db(modΛ⊗ Λop).
Proof. (a) By definition (ii) is equivalent to (iii). Since Λφ
L
⊗Λ Λ[m] ≃ Λ[m], (i) implies (ii).
If (iii) holds, then (DΛ)
L
⊗Λ ℓ ≃ Λφ[m] in D
b(modΛ ⊗ Λop) for some K-algebra endomorphism φ of Λ
by Lemma 4.2(a). Thus we have νℓ = [m] ◦ φ∗, and (i) holds.
(b) By definition (i) is equivalent to (ii). Since νℓ = (DΛ)
L
⊗Λ ℓ
L
⊗Λ− and [m] ≃ Λ[m]
L
⊗Λ−, (iii) implies
(ii). Finally, if (ii) holds, then there exists an isomorphism f : (DΛ)
L
⊗Λ ℓ → Λ[m] in Db(modΛ) which
commutes with the right action of Λ. By Lemma 4.2(b), we have that (iii) holds. 
We need the following observations.
Lemma 4.4. (a) Let Λ be a finite dimensional K-algebra with gl. dimΛ ≤ n and X ∈ modΛ. Then:
• τnX ≃ νnX if and only if Ext
i
Λ(X,Λ) = 0 for any i 6= n.
• If X is indecomposable non-projective and satisfies ExtiΛ(X,Λ) = 0 for any 0 < i < n, then
we have HomΛ(X,Λ) = 0 and τnX ≃ νnX.
• τ−n X ≃ ν
−1
n X if and only if Ext
i
Λ(DΛ, X) = 0 for any i 6= n.
• If X is indecomposable non-injective and satisfies ExtiΛ(DΛ, X) = 0 for any 0 < i < n, then
we have HomΛ(DΛ, X) = 0 and τ
−
n X ≃ ν
−1
n X.
(b) Let Λ be an n-representation-finite algebra and M an n-cluster tilting Λ-module. Then we have
τnX ≃ νnX and HomΛ(X,Λ) = 0 (respectively, τ
−
n X ≃ ν
−1
n X and HomΛ(DΛ, X) = 0)
for any X ∈ addM without non-zero projective (respectively, injective) direct summands.
(c) Let Λ be a finite dimensional K-algebra. For any K-algebra automorphism φ of Λ, we have an
isomorphism φ∗ ν ≃ ν φ∗ of autofunctors of D.
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Proof. (a) The first and the third assertions are clear. For the remaining assertions, see [I4, 2.3(b)].
(b) This is immediate from (a) and the definition of n-cluster tilting modules.
(c) There exist isomorphisms
Λφ ⊗Λ (DΛ) ≃ φ−1(DΛ) ≃ D(Λφ−1) ≃ D(φΛ) ≃ (DΛ)φ ≃ (DΛ)⊗Λ Λφ
of Λ ⊗ Λop-modules. This gives an isomorphism Λφ
L
⊗Λ(DΛ) ≃ (DΛ)
L
⊗Λ Λφ in D
b(modΛ ⊗ Λop). Thus
we have the desired isomorphism. 
4.1. Proof of Theorem 1.1. We use the notation in Proposition 0.2. By Lemma 4.4(b), we have
νℓi−1n Ii ≃ Pσ(i)
for any 1 ≤ i ≤ a. In particular, we have
νℓi Pi ≃ ν
ℓi−1 Ii ≃ Pσ(i)[n(ℓi − 1)]
for any 1 ≤ i ≤ a. We take c > 0 such that σc = id, and let
mi := ℓi + ℓσ(i) + · · ·+ ℓσc−1(i).
Then one can easily check that
νmi Pi ≃ Pi[n(mi − c)]
for any 1 ≤ i ≤ a.
(a) By Proposition 4.3(a), we only have to check m1 = · · · = ma. Since Λ is ring-indecomposable, it
is enough to check that mi = mj holds if HomΛ(Pi, Pj) 6= 0. In this case, we have
0 6= HomD(ν
mimj Pi, ν
mimj Pj) = HomD(Pi[n(mi−c)mj], Pj [n(mj−c)mi]) = HomD(Pi, Pj [nc(mj−mi)]).
Thus we have nc(mj −mi) = 0 and mi = mj .
(b) We have shown that Λ is twisted n(m−c)
m
-CY for m := m1 = · · · = ma. Since
c
m
=
ac
m1 + · · ·+ma
=
a
ℓ1 + · · ·+ ℓa
=
a
b
,
we have the assertion. 
4.2. Proof of Theorem 1.3. (a)⇒(b) By Lemma 4.4(b), we have
νℓ−1n (DΛ) ≃ τ
ℓ−1
n (DΛ) ≃ Λ.
Thus we have
νℓ Λ ≃ νℓ−1(DΛ) ≃ Λ[n(ℓ− 1)].
The assertion follows from Proposition 4.3(a).
(b)⇒(a) We need the following results [IO2, 3.1] and [I4, 5.4(a)].
Proposition 4.5. Let Λ be a finite dimensional K-algebra with gl. dimΛ ≤ n.
(a) Let U := add{νjn Λ | j ∈ Z} ⊂ D. Then Λ is n-representation-finite if and only if DΛ ∈ U .
(b) Let (D≤0,D≥0) be the standard t-structure of D. Then νnD
≥0 ⊂ D≥0 and ν−1n D
≤0 ⊂ D≤0.
Since νℓ Λ ≃ Λ[n(ℓ − 1)], we have νℓ−1n (DΛ) ≃ Λ, which implies DΛ ∈ U . By Proposition 4.5(a), we
have that Λ is n-representation-finite. On the other hand, we have
ν−in Λ ≃ ν
ℓ−1−i
n (DΛ) ∈ D
≤0 ∩ D≥0 = modΛ
for any 0 ≤ i < ℓ by Proposition 4.5(b). By Lemma 4.4(a), we have τ ℓ−1n (DΛ) ≃ ν
ℓ−1
n (DΛ) ≃ Λ. Thus
Λ is ℓ-homogeneous. 
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4.3. Proof of Proposition 1.4 and Corollary 1.5. We shall prove Proposition 1.4.
Since K is a perfect field, Λ1⊗· · ·⊗Λk has finite global dimension. We prove the assertion for twisted
fractionally CY property. One can show the assertion for fractionally CY property similarly by using
Proposition 4.3(b) instead of (a).
By Proposition 4.3(a), we have an isomorphism
(DΛi)
L
⊗Λi ℓ ≃ Λi[ni(ℓ− 1)]
in Db(modΛi). Thus we have
(D(Λ1 ⊗ · · · ⊗ Λk))
L
⊗Λ1⊗···⊗Λk ℓ ≃ (DΛ1)
L
⊗Λ1 ℓ ⊗ · · · ⊗ (DΛk)
L
⊗Λk ℓ
≃ Λ1
[
ℓm1
ℓ1
]
⊗ · · · ⊗ Λk
[
ℓmk
ℓk
]
≃ (Λ1 ⊗ · · · ⊗ Λk)
[
ℓ
(
m1
ℓ1
+ · · ·
mk
ℓk
)]
in Db(modΛ1 ⊗ · · · ⊗ Λk). By Proposition 4.3(a), we have the assertion. 
We shall prove Corollary 1.5.
First of all, note that Λ1 ⊗ · · · ⊗ Λk has global dimension at most n1 + · · · + nk since K is a perfect
field. By Theorem 1.3(a)⇒(b), we have that Λi is twisted
ni(ℓ−1)
ℓ
-CY. By Proposition 1.4, we have that
Λ1 ⊗ · · · ⊗ Λk is twisted
(n1+···+nk)(ℓ−1)
ℓ
-CY. By Theorem 1.3(b)⇒(a), we have that Λ1 ⊗ · · · ⊗ Λk is
ℓ-homogeneous (n1 + · · ·+ nk)-representation-finite.
The second statement is clear from Proposition 0.2 since we have
τn1+···+nk(X1 ⊗ · · · ⊗Xk) = (τn1X1)⊗ · · · ⊗ (τnkXk)
for any Xi ∈ modΛi. 
We end this section by giving another proof of Corollary 1.5.
Since Λi is ℓ-homogeneous ni-representation-finite, we have DΛi ≃ ν
−ℓ
ni
Λi for any i. Thus we have
D(Λ1 ⊗ · · · ⊗ Λk) ≃ DΛ1 ⊗ · · · ⊗DΛk ≃ ν
−ℓ
n1
Λ1 ⊗ · · · ⊗ ν
−ℓ
nk
Λk ≃ ν
−ℓ
n1+···+nk(Λ1 ⊗ · · · ⊗ Λk).
Thus Λ1 ⊗ · · · ⊗ Λk is (n1 + · · ·+ nk)-representation-finite by Proposition 4.5(a). 
4.4. Proof of Proposition 1.7. We have M =
⊕ℓ−1
i=0 τ
−i
n Λ by Proposition 0.2. We have
HomΛ(τ
−i
n Λ, τ
−j
n Λ)
Prop. 0.2
≃
{
HomΛ(τ
−(i−j)
n Λ,Λ)
Lem. 4.4(b)
= 0 i > j,
HomΛ(Λ, τ
−(j−i)
n Λ) ≃ τ j−in Λ i ≤ j.
Since we have τ−in Λ ≃ ν
−i
n Λ ≃ T
⊗Λi for 0 ≤ i < ℓ by Lemma 4.4(b) and [IO1, 2.12], we have the
assertion. 
4.5. Proof of results in Section 2. Our Proposition 2.1 is an immediate consequence of the following
observation.
Lemma 4.6. Assume HomΛ(Pi, Pj) 6= 0, or equivalently HomΛ(Ii, Ij) 6= 0. Then we have ℓi ≤ ℓj and
ℓσ−1(i) ≥ ℓσ−1(j).
Proof. If ℓi > ℓj , then by Theorem 0.2, we have
0 6= HomΛ(Ii, Ij) ≃ HomΛ(τ
ℓj−1
n Ii, Pσ(j))
by applying τ
ℓj−1
n . By Lemma 4.4(b), the right hand side is zero, a contradiction. Thus we have ℓi ≤ ℓj.
If ℓσ−1(i) < ℓσ−1(j), then we have
0 6= HomΛ(Pi, Pj) ≃ HomΛ(Iσ−1(i), τ
−(ℓ
σ−1(i)−1)
n Pj)
by applying τ
−(ℓ
σ−1(i)−1)
n . By Lemma 4.4(b), the right hand side is zero, a contradiction. 
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Next we give a proof of Proposition 2.2.
We have
DHomD(ν
j
n Pi,Λ) ≃ HomD(Λ, ν ν
j
n Pi) ≃ HomD(Λ, ν
j
n Ii) ≃ HomD(Λ, ν
j−ℓi
n Pσ(i)). (2)
Since we have functorial isomorphisms
Π⊗Λ − ≃
⊕
j∈Z
HomD(Λ, ν
j
n−) : modΛ→ modΠ, (3)
HomΠ(Π⊗Λ −,Π) ≃
⊕
j∈Z
HomD(ν
j
n−,Λ) : modΛ→ modΠ
op (4)
on addΛ, we have
ψ∗(Π⊗Λ Pi)
(4)
≃
⊕
j∈Z
DHomD(ν
j
n Pi,Λ)
(2)
≃
⊕
j∈Z
HomD(Λ, ν
j−ℓi
n Pσ(i))
(3)
≃ Π⊗Λ Pσ(i).

Now we give a proof of Proposition 2.4.
We always identify φ∗Λ with Λ by the isomorphism φ∗Λ = Λφ ⊗Λ Λ ∋ λ⊗ γ 7→ λ · φγ ∈ Λ.
(i) First we define a K-linear automorphism φ˜ of Π by using the action of the autofunctor φ∗ of D on
HomD(Λ, ν
−i
n Λ).
By Lemma 4.4(c), we have an isomorphism ρ : φ∗ ν−1n → ν
−1
n φ
∗ of autofunctors of D. For any i ≥ 0,
we define an isomorphism ρi : φ∗ ν−in → ν
−i
n φ
∗ of autofunctors of D by ρ0 = idφ∗ and
ρi := (φ∗ ν−in
ρ
ν
1−i
n−−−−→ ν−1n φ
∗ ν1−in
ν−1
n ρν2−in−−−−−−→ · · ·
ν2−i
n ρν−1n−−−−−−→ ν1−in φ
∗ ν−1n
ν1−in ρ−−−−→ ν−in φ
∗).
Clearly we have
ρi+j = (φ∗ ν−i−jn
ρi
ν
−j
n−−−→ ν−in φ
∗ ν−jn
ν−i
n ρ
j
−−−−→ ν−i−jn φ
∗) (5)
for any i, j ≥ 0. For any f ∈ HomD(Λ, ν
−i
n Λ), define φ˜f ∈ HomD(Λ, ν
−i
n Λ) by
φ˜f := (Λ = φ∗Λ
φ∗f
−−→ φ∗ ν−in Λ
ρiΛ−−→ ν−in φ
∗Λ = ν−in Λ).
Clearly the restriction of φ˜ to Λ coincides with φ.
(ii) Next we show that φ˜ is a K-algebra automorphism of Π.
Fix f ∈ HomD(Λ, ν
−i
n Λ) and g ∈ HomD(Λ, ν
−j
n Λ). Since ρ
i is an isomorphism of functors, we have a
commutative diagram
φ∗ ν−in Λ
φ∗ ν−in g //
ρiΛ

φ∗ ν−i−jn Λ
ρi
ν
−j
n Λ

ν−in φ
∗Λ
ν−in φ
∗g // ν−i−jn φ
∗Λ.
(6)
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Now we have
φ˜f · φ˜g = (Λ
φ˜f
−−→ ν−in Λ
ν−in (φ˜g)−−−−−→ ν−i−jn Λ)
= (Λ = φ∗Λ
φ∗f
−−→ φ∗ ν−in Λ
ρiΛ−−→ ν−in φ
∗Λ
ν−in φ
∗g
−−−−−→ ν−in φ
∗ ν−jn Λ =
ν−in φ
∗ ν−jn Λ
ν−i
n ρ
j
Λ−−−−→ ν−i−jn φ
∗Λ = ν−i−jn Λ)
(6)
= (Λ = φ∗Λ
φ∗f
−−→ φ∗ ν−in Λ
φ∗ ν−in g−−−−−→ φ∗ ν−i−jn Λ
ρi
ν
−j
n Λ−−−−→ ν−in φ
∗ ν−jn Λ =
ν−in φ
∗ ν−jn Λ
ν−i
n ρ
j
Λ−−−−→ ν−i−jn φ
∗Λ = ν−i−jn Λ)
(5)
= (Λ = φ∗Λ
φ∗(f ν−in g)−−−−−−−→ φ∗ ν−i−jn Λ
ρ
i+j
Λ−−−→ ν−i−jn φ
∗Λ = ν−i−jn Λ)
= φ˜(f ν−in g).
(iii) Since νℓ ≃ [n(ℓ− 1)] ◦ φ∗, we have
ν ◦ νℓ−1n ≃ φ
∗. (7)
By Serre duality, we have isomorphisms
DHomD(Λ, ν
−i
n Λ) ≃ HomD(ν
−i
n Λ, ν Λ) ≃ HomD(Λ, ν ν
i
n Λ)
(7)
≃ HomD(Λ, φ
∗ νi+1−ℓn Λ). (8)
Thus we have an isomorphism
DΠ =
⊕
i∈Z
DHomD(Λ, ν
−i
n Λ)
(8)
≃
⊕
i∈Z
HomD(Λ, φ
∗ ν−in Λ) =: N (9)
of Π⊗Πop-modules, where Π acts on N from the left in a usual way, and from the right by
f · g = (Λ
f
−→ φ∗ ν−in Λ
φ∗ ν−in g−−−−−→ φ∗ ν−i−jn Λ) (10)
for any f ∈ HomD(Λ, φ
∗ ν−in Λ) ⊂ N and g ∈ HomD(Λ, ν
−j
n Λ) ⊂ Π. Let
γ : N =
⊕
i∈Z
HomD(Λ, φ
∗ ν−in Λ)→ Πφ˜ =
⊕
i∈Z
HomD(Λ, ν
−i
n Λ), (11)
be a K-linear isomorphism given by
γf := (Λ
f
−→ φ∗ ν−in Λ
ρiΛ−−→ ν−in φ
∗Λ = ν−in Λ)
for any f ∈ HomD(Λ, φ
∗ ν−in Λ). Then γ is an isomorphism of Π⊗Π
op-modules by the following equalities
for any f ∈ HomD(Λ, φ
∗ ν−in Λ) ⊂ N and g ∈ HomD(Λ, ν
−j
n Λ) ⊂ Π.
γf · φ˜g = (Λ
f
−→ φ∗ ν−in Λ
ρiΛ−−→ ν−in φ
∗Λ
ν−i
n φ
∗g
−−−−−→ ν−in φ
∗ ν−jn Λ
ν−i
n ρ
j
Λ−−−−→ ν−i−jn φ
∗Λ = ν−i−jn Λ)
(6)
= (Λ
f
−→ φ∗ ν−in Λ
φ∗ ν−in g−−−−−→ φ∗ ν−i−jn Λ
ρi
ν
−j
n Λ−−−−→ ν−in φ
∗ ν−jn Λ
ν−in ρ
j
Λ−−−−→ ν−i−jn φ
∗Λ = ν−i−jn Λ)
(5)
= (Λ
f
−→ φ∗ ν−in Λ
φ∗ ν−in g−−−−−→ φ∗ ν−i−jn Λ
ρ
i+j
Λ−−−→ ν−i−jn φ
∗Λ = ν−i−jn Λ)
(10)
= γ(f · g).
Combining (9) and (11), we have an isomorphism DΠ ≃ Π
φ˜
of Π⊗ Πop-modules. Thus we have that φ˜
is a Nakayama automorphism of Π. 
Finally we give a proof of Theorem 2.3.
Assume that Λ is ℓ-homogeneous. By Proposition 2.4, the K-automorphism φ of Λ extends to a
Nakayama automorphism φ˜ of Π, which satisfies φ˜(I) = I. Since φ˜ and ψ coincide in the outer automor-
phism group of Π, we have ψ(I) = I.
Assume ψ(I) = I. Then ψ induces a K-algebra automorphism ψ|Λ of Λ. By Proposition 2.2, we have
ψ|∗Λ(Pi) ≃ Pσ(i) and ψ|
∗
Λ(Ii) ≃ Iσ(i) by Lemma 4.4(c). Since we have ψ|
∗
Λ(τ
j
nIi) = τ
j
nψ|
∗
Λ(Ii) = τ
j
nIσ(i) for
any j by Lemma 4.4(c), we have ℓi = ℓσ(i). By Proposition 2.1, we have that Λ is homogeneous. 
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